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ABSTRACT 
This t h e s i s  t rea t s  g r a v i t y  anomalies as a s t a t i o n a r y  random 
process  def ined on t h e  su r face  of a sphere.  Certain l i n e a r  transforms 
of g r a v i t y  anomalies on the  su r face  (Po i s son ' s  I n t e g r a l  and Stokes'  
Formula) which g ive  g r a v i t y  anomalies and anomalous p o t e n t i a l  re- 
s p e c t i v e l y  above t h e  su r face  are examined. I t  i s  shown how c e r t a i n  
s ta t i s t ics  (covariance func t ions )  f o r  g r a v i t y  anomalies and anomalous 
p o t e n t i a l  above t h e  su r face  of t he  sphere can be obtained from t h e  
covariance func t ion  of g r a v i t y  anomalies on t h e  su r face ,  and these  
s t a t i s t i c s  are then c a l c u l a t e d  f o r  var ious models of covariance 
func t ions  of  g r a v i t y  anomalies on t h e  su r face .  The covariance funct ion 
f o r  anomalous p o t e n t i a l  obtained (using Stokes '  Formula) from a 
covariance func t ion  der ived from a c t u a l  measurements of 
g r a v i t y  anomalies on t h e  su r face  i s  compared wi th  the  covariance 
func t ion  f o r  anomalous p o t e n t i a l  r e s u l t i n g  from observat ions of 
s a t e l l i t e  motion. The c l o s e  agreement between these  two covariance 
func t ions  der ived from independent sources  i s  used t o  j u s t i f y  t r e a t i n g  
g r a v i t y  anomalies as a r o t a t i o n  i n v a r i a n t  random process.  
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3 Underlined lower case le t ters  are p o s i t i o n  vec to r s  i n  R . 
Underlined upper case letters are 3 by 3 matrices. 
t = t i m e  
x ( t )  = random process  i n  t i m e  
e = p o s i t i o n  vec to r  i n  R 
x ( g )  = a random process  i n  space 
0 = angle  between two vec to r s  
L = l i n e a r  i n t e g r a l  ope ra to r  
L ( C ~ , E ~ )  = kerne l  of L 
Ag(e) - = g r a v i t y  anonomaly a t  p o i n t  e 
S = s u r f a c e  of  a sphere 
R = r a d i u s  of a sphere with su r face  S 





2 A = l a p l a c i a n  
C(x) = covariance funct ion of Ag on S 
Q(x) = covariance funct ion of Ag above S 
T ( e )  - = anomalous p o t e n t i a l  a t  e 
R(x) = covariance func t ion  of T above and on S 
{C,} = d i s c r e t e  spectrum of a funct ion C(x) defined on [-1,1] 
1 [ a , b ]  = closed i n t e r v a l  i n  R 
I .  I = abso lu te  value 
P (x)  = legendre polynomial of degree n 





Some of  t h e  c e n t r a l  formulas i n  phys i ca l  geodesy t ake  t h e  form of 
i n t e g r a l s  over  a s u r f a c e  approximating t h e  e a r t h ' s  surface.  For 
c e r t a i n  of  t h e s e  formulas t h e  in t eg rand  i s  t h e  product of some funct ion 
( o r  ke rne l )  and g r a v i t y  anomalies on the  su r face .  Gravity anomalies 
are r e l a t e d  t o  t h e  e a r t h ' s  g r a v i t y  f i e l d  and can be measured with a 
high degree of accuracy on t h e  su r face  of  t h e  land masses. Due t o  
measurement d i f f i c u l t i e s  on the  oceans'  s u r f a c e s  and t h e  lack of  accu- 
rate d a t a  over  most of  t h e  inaccessab le  areas on the con t inen t s ,  accu- 
rate measurements of g r a v i t y  anomalies are p r e s e n t l y  unavai lable  over 
much of  t h e  e a r t h ' s  su r f ace .  The i n v e s t i g a t i o n  c a r r i e d  o u t  i n  t h i s  
t h e s i s  takes as i t s  b a s i c  d a t a  g r a v i t y  anomalies which are t o  be 
t r e a t e d  as a random process  on t h e  s u r f a c e  of a sphere . I n  p r a c t i c e  
some assumptionsmust be made about hhe s t a t i s t i ca l  s t r u c t u r e  of  t h e  
anomaly f i e l d  t o  e l imina te  t h e  problem of  incomplete coverage. The 
assumption of r o t a t i o n  inva r i ance  of  t h e  s t a t i s t i c a l  p r o p e r t i e s  of t h e  
anomaly f i e l d  i s  used here .  
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I n  t h i s  t h e s i s  some of  t h e  mathematical imp l i ca t ions  of  r o t a t i o n  
inva r i ance  are examined, and t h e i r  s i g n i f i c a n c e  t o  physical  geodesy 
i n d i c a t e d .  I n  p a r t i c u l a r ,  it i s  shown t h a t  s t a t i s t i ca l  information 
about c e r t a i n  geophysical q u a n t i t i e s  can be e a s i l y  der ived from sta- 
t i s t i c a l  information about g r a v i t y  anomalies on t h e  su r face  of  a sphere.  
The theory i s  app l i ed  t o  t h e  determinat ion of t h e  covariance funct ion 
of g r a v i t y  anomalies (using Po i s son ' s  I n t e g r a l )  and anomalous p o t e n t i a l  
(u s ing  Stokes '  Formula) a t  any a l t i t u d e  above t h e  su r face  of  a sphere 
when t h e  covariance funct ion of g r a v i t y  anomalies on t h e  su r face  of t h e  
1. The formulas which are considered i n  t h i s  paper (Po i s son ' s  and 
S tokes ' )  assume t h a t  the r e f e r e n c e  su r face  f o r  t h e  e a r t h ' s  g r a v i t y  
p o t e n t i a l  i s  a sphere.  
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sphere i s  given. The r e s u l t i n g  covariance func t ion  f o r  t h e  anomalous 
p o t e n t i a l  i s  then compared with r e s u l t s  der ived from experimental  d a t a  
obtained i n  p a r t  f r o m t h e  observat ion of s a t e l l i t e  motion ( t h e  KBhnlein 
model ) .  The c l o s e  agreement between t h e  two covariance func t ions  
der ived from independent sources  i s  used t o  j u s t i f y  t h e  s t a t i s t i c a l  
assumptions (Rotat ion inva r i ance ,  and la te r  Ergod ic i ty )  which w e r e  
made t o  e x t r a p o l a t e  known d a t a  on g r a v i t y  anomalies. 
1 
1. See re fe rence  (11) 
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Chapter 2 
ROTATION INVARIANT STATISTICS AND OPERATORS 
This chap te r  w i l l  be,  f o r  t h e  most p a r t ,  a res ta tement  of p a r t  of 
a paper by J .E.  POTTER and E . J .  F R E Y  [1967] (1). In  what follows it i s  
assumed t h a t  t h e  r eade r  has  some f a m i l i a r i t y  with s t o c h a s t i c  processes  
def ined over  t h e  real  l i n e  w i t h  t i m e  as t h e  independent va r i ab le .  
Some f a m i l i a r i t y  with communications o r  c o n t r o l  systems theory i s  a l s o  
u s e f u l ,  al though it is  n o t  e s s e n t i a l  i n  w h a t  follows. Reference ( 2 )  i s  
one source f o r  t h i s  material .  
- 2 . 1  Rotation I n v a r i a n t  S t a t i s t i c s  
A s t o c h a s t i c  process  x ( t )  i s  s a i d  t o  be s t a t i o n a r y  i f  i t s  sta- 
t i s t i c s  are unaffected by a s h i f t  i n  t he  t i m e  o r i g i n .  This means t h a t  
x ( t l )  has  t h e  same s t a t i s t i c s  as x ( t 2 )  f o r  a l l  tl and t2. I n  pa r t i cu -  
l a r ,  i f  x ( t )  i s  a s t a t i o n a r y  random process ,  then i t s  covariance,  
which i s  def ined as t h e  s t a t i s t i c a l  average’ of t h e  product x ( t , )  x ( t 2 ) ,  
depends only on t h e  sepa ra t ion  of t h e  two p o i n t s  i n  t i m e ,  (t2 - t l) .  
I f  a random process  i s  def ined over t h e  su r face  of a sphere,  s t a t i o n -  
a r i t y  i s  c a l l e d  r o t a t i o n  inva r i ance ,  and means t h a t  t h e  s t a t i t i c s  of 
t h e  process  are i n v a r i a n t  under r o t a t i o n s  about t h e  c e n t e r  of t h e  
sphere.  Suppose x (g l )  i s  a s t a t i o n a r y  random process  def ined over  t h e  
s u r f a c e  of a u n i t  sphere,  and gl i s  a u n i t  v e c t o r  i n d i c a t i n g  p o s i t i o n  
on the  su r face .  Rotation inva r i ance  ( s t a t i o n a r i t y )  means t h a t  t h e  
s t a t i s t i c s  of x ( ~ ~ )  are independent of t h e  o r i e n t a t i o n  of t h e  pos i t i on  
v e c t o r  gl, and thus  are i n v a r i a n t  under any r o t a t i o n  of c ? ~  about t h e  
c e n t e r  o f  t h e  sphere.  This implies  t h a t  t h e  covariance func t ion ,  which 
i s  t h e  s t a t i s t i ca l  average of x(gl)  x (g2 )  , w i l l  be a funct ion of the 
1. The ensemble average, o r  i n  case of an ergodic  process ,  t h e  t i m e  
average. 
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angle  (denoted by 0 )  sepa ra t ing  and g2 i n  t h e  plane con ta in ing  both 
u n i t  vec to r s .  Another way of s t a t i n g  t h i s  is  t o  say t h a t  t he  covari-  
ance func t ion  depends only on t h e  angular  d i s t a n c e  between zl and g2, 
o r  on zl.c2 = cos 0 where 0 i s  t h e  angle between g1 and as def ined 
above. Thus E [ X ( E ~ )  x ( g 2 ) ]  i s  a funct ion of  t h e  d o t  ( o r  i n n e r )  product  
of gl and E ~ .  
random process  over  t h e  su r face  of  a sphere permits  t h e  e x t r a p o l a t i o n  
of  a v a i l a b l e  g r a v i t y  anomaly d a t a  over  a l l  of t h e  su r face  of  t h e  sphere.  
This follows s i n c e  t h e  covariance funct ion can be accu ra t e ly  determined 
over  l i m i t e d  regions (and thus  f o r  l i m i t e d  v a r i a t i o n s  i n  0 )  of  t h e  
e a r t h ' s  su r f ace  from t h e  accu ra t e  g r a v i t y  measurements which are 
p r e s e n t l y  a v a i l a b l e  ( 3 ) .  I f  g r a v i t y  anomalies can be modelled as a 
r o t a t i o n  i n v a r i a n t  random process  then t h i s  covariance func t ion  w i l l  
be v a l i d  everywhere on t h e  e a r t h ' s  s u r f a c e ,  r e g a r d l e s s  of  t h e  f a c t  
t h a t  it w a s  der ived from measurements made over  a very s m a l l  p o r t i o n  of 
t h e  globe. 
2 .2  Rotat ion I n v a r i a n t  Operators 
T rea t ing  g r a v i t y  anomalies as a r o t a t i o n  i n v a r i a n t  
The i n t e g r a l  formulas of geodesy which are of  i n t e r e s t  i n  t h i s  
t h e s i s  can a l l  be w r i t t e n  i n  a s i n g l e  form 
2-1 
where the  i n t e g r a t i o n  i s  c a r r i e d  o u t  over  t h e  su r face  of a sphe re ,  S ,  
approximating the  e a r t h ' s  su r f ace .  
and t h e  funct ion g i s  a funct ion of zl which denotes  p o i n t s  on o r  
o u t s i d e  of  S.  For example, with Stokes '  formula, f w i l l  r e p r e s e n t  
g r a v i t y  anomalies and g w i l l  r e p r e s e n t  anomalous p o t e n t i a l .  We w i l l  
c a l l  g(e,) t h e  t ransformation of  f (e 1. 
case l e t t e r  with a t i l d e ,  denote a l i n e a r  i n t e g r a l  ope ra to r ,  so t h a t  
equat ion 2 - 1  can be w r i t t e n  as 
The v e c t o r  z2 denotes p o i n t s  on S, 
% 
L e t  t h e  symbol L ,  an upper -2 
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where f and L are func t ions  continuous on S. 
c a l l e d  t h e  ke rne l  of the ope ra to r  L. W e  d e f i n e  a r o t a t i o n  i n v a r i a n t  
o p e r a t o r  i n  t h e  following way. I f  F i s  a r o t a t i o n  i n v a r i a n t  process  
and L a r o t a t i o n  i n v a r i a n t  ope ra to r  then Lf ,  t h e  transformed process ,  
w i l l  a l s o  be a r o t a t i o n  i n v a r i a n t  process.  The Funk-Hecke Formula ( 4 )  
provides  necessary and s u f f i c i e n t  cond i t ions  f o r  an i n t e g r a l  ope ra to r  
L t o  be r o t a t i o n  i n v a r i a n t .  L e t  A - be an orthogonal ( r o t a t i o n )  matrix.  
Then t h e  Funk-Hecke Formula shows t h a t  i f  Lf (e) = g,(,e) , then t h e  
r o t a t i o n  inva r i ance  of L implies  t h a t  g(e) is  r o t a t i o n  i n v a r i a n t ,  o r  





I -  
'L 
From equat ion (2-1)  , r o t a t i o n  invariance implies  t h a t  
and hence it g ives  as a s u f f i c i e n t  condi t ion f o r  r o t a t i o n  inva r i ance  
that 
L(g1,s2) = L'g1.g2) . 
Thus t h e  ke rne l  of a r o t a t i o n  i n v a r i a n t  ope ra to r  i s  a funct ion 
e e on ly ,  j u s t  as t h e  covariance funct ion of a r o t a t i o n  i n v a r i a n t  -1 - -2 
random process  i s  a funct ion of gl.g2 only.  
2-4 
2.3 Po i s son ' s  I n t e g r a l  and Stokes '  Formula -
I n  t h i s  s e c t i o n  w e  consider  Po i s son ' s  and Stokes'  formulas t o  
examine t h e i r  r o t a t i o n  inva r i ance .  W e  a l s o  p re sen t  some r e s u l t s  of 
f u t u r e  use. An important  formula i n  phys i ca l  geodesy i s  t h e  upward 
1 2  
con t inua t ion  formula, o f t e n  c a l l e d  Po i s son ' s  i n t e g r a l  formula. I t  
r e p r e s e n t s  t h e  s o l u t i o n  t o  D i r i c h l e t ' s  Problem , and it gene ra t e s  a 
funct ion V,  harmonic2 o u t s i d e  of a sphere,  and equa l  t o  a p re sc r ibed  
func t ion  on t h e  s u r f a c e  of t h e  sphere.  Thus i f  t h e  product of g r a v i t y  
anomalies and the  r a d i u s ,  rag(%) , forms t h e  p re sc r ibed  func t ion  on t h e  
s u r f a c e  of a sphere,  then t h e  upward cont inuat ion formula expres ses  
r ag  a t  some p o i n t  above t h e  s u r f a c e  o f  t h e  sphere a d i s t a n c e  r from 
t h e  c e n t e r  of  t he  sphere.  L e t  S I  as be fo re ,  r e p r e s e n t  t h e  s u r f a c e  
of t h e  sphere which i s  approximating t h e  s u r f a c e  of  t h e  e a r t h .  I f  R i s  
the  r a d i u s  of  t h e  sphere and r i s  t h e  r a d i u s  a t  which Ag i s  t o  be 
c a l c u l a t e d ,  ( r > R )  , then t h e  upward con t inua t ion  formula3 i s  
1 
2 -5 
where e and are u n i t  vec to r s .  
Thus M i s  a r o t a t i o n  i n v a r i a n t  o p e r a t o r  s i n c e  i t s  ke rne l  i s  a func t ion  
of sl.z2 = cos 0 ,  where 0 is t h e  angle  sepa ra t ing  gl and g2, 
-1 
'L 
R ( r 2  - R2) 3 
4~ [r2+R2-2rRxlZ 
M ( E ~ . E ~ )  = M(x) = 
The ke rne l  M(x) can a l s o  be expressed a s  a series of Legendre poly- 




1. See page 3 4 ,  r e f e rence  ( 7 )  
2. A func t ion  s a t i s f y i n g  Laplace 's  equat ion,  A V = 0 ,  see s e c t i o n  3.2. 
3. Page 35, r e fe rence  ( 7 )  
2 
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The c o e f f i c i e n t s  i n  t h i s  expansion w i l l  p l ay  an important r o l e  i n  
la ter  developments. 
The Stokes '  formula so lves  a d i f f e r e n t  geodet ic  problem, it g ives  
a funct ion harmonic 
on S ,  
on and o u t s i d e  S, s u b j e c t  t o  t h e  boundary condi t ion 
Ag = 0 2 -8 
where 2-8 i s  a s p h e r i c a l  approximation of t h e  fundamental boundary 
1 condi t ion of phys i ca l  geodesy . H e r e  T r ep resen t s  t he  anomalous 
p o t e n t i a l 2 ,  a harmonic funct ion.  
given i n  r e fe rence  (10) as 
The s o l u t i o n  t o  Stokes '  problem i s  
with t h e  ke rne l  funct ion 
r - R  cosO+R G ( ~ ~ , E ~ )  = L 2. - cos0 - - % cos0 Rn ( 2 r  4lT 1 R r 2 r  r2 
2-9 
2-10 
where 0 i s  t h e  angle  between and i n  the  plane containing and 
e and -2 
2 -  R = r2 - 2 r R  cos0 + R 
,-lJ 
Thus G is  a l s o  a r o t a t i o n  i n v a r i a n t  ope ra to r ,  s i n c e  
e e = cos0 , and G ( g l , g 2 )  = G(%c?.c2). -1 * -2 
1. See page 88, r e fe rence  (7)  
2. See page 82, r e fe rence  (7)  
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The Legendre series rep resen ta t ion  f o r  G(x) i s  1 
2-11  
1 
where means t h a t  t h e  t e r m  with n = l  i s  omitted.  
Both of  t h e s e  formula w i l l  l a te r  be used t o  d e r i v e  t h e  covariance 
func t ions  f o r  anomalous p o t e n t i a l  and g r a v i t y  anomalies a t  any a l t i t u d e  
from t h e  covariance func t ion  f o r  g r a v i t y  anomalies on t h e  s u r f a c e  of 
t h e  sphere.  
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Chapter 3 
THE SIGNIFICANCE OF ROTATION INVARIANCE 
3.1 In t roduc t ion  -
The purpose of t h i s  chapter  i s  t o  explain how t o  determine t h e  
covariance func t ion  f o r  a random process  which i s  expressed as a 
r o t a t i o n  i n v a r i a n t  ope ra to r  ope ra t ing  on g r a v i t y  anomalies over t h e  
s u r f a c e  of a sphere when t h e  covariance funct ion of g r a v i t y  anomalies 
i s  assumed t o  be known. This chap te r  w i l l  be, f o r  t h e  most p a r t ,  a 
r e i t e r a t i o n  of  t h e  material  covered i n  r e fe rence  (1). 
3.2 Harmonic Functions 
A s c a l a r  valued funct ion on R3 (a funct ion def ined on a t h r e e  
dimensional Euclidean s p a c e ) i s  s a i d  t o  be harmonic i f  it s a t i s f i e s  
Laplace 's  equat ion , 1 
2 A V = O .  3-1 
I f  r i s  t h e  d i s t a n c e  from t h e  c e n t e r  of a sphere S t o  a p o i n t ,  
r ag  s a t i s f i e s  Laplace 's  equat ion on and o u t s i d e  of t h e  su r face  of t h e  
sphere,  and so i s  harmonic on o r  o u t s i d e  of S. The g r a v i t y  anomaly a t  
t h e  p o i n t  e on S i s  denoted by Ag(e) ,  and i f  e r e p r e s e n t s  a p o i n t  
( x , y , z )  i n  Cartesian coordinates  
where 
then 
and equat ion 3-2 i s  v a l i d  everywhere on o r  o u t s i d e  of S. 
2 a 2  a 2  1. A V ( X , Y , Z )  = 7 V + - V + - 
ax a Y 2  
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L e t  q (g l )  be some harmonic funct ion obtained by i n t e g r a t i n g  t h e  
product  of a func t ion  of gl and z2 (a k e r n e l  func t ion )  and Ag(e ) ,  
where t h e  i n t e g r a t i o n  i s  over  a u n i t  sphere S and t h e  v a r i a b l e  of  
2 
i n t e g r a t i o n  i s  
Thus 
q (551 
and i n  t h e  ope ra to r  no ta t ion  previously introduced,  
'L 
FAg(gl) = q(g l )  
'L 
I f  F i s  a r o t a t i o n  i n v a r i a n t  ope ra to r ,  
x = e e = cos0 -1'-2 
then F (x )  can be expanded i n  a series of Legendre Polynomials(5) ,  
v a l i d  over t h e  closed i n t e r v a l  [-1,1], 
W e  are i n t e r e s t e d  i n  those formulas of phys i ca l  geodesy which 
transform t h e  harmonic funct ion r ag  i n t o  another  harmonic func t ion ,  
and so q(El) from equat ion 3-4 may be assumed t o  be harmonic on and 
o u t s i d e  of S. Thus q ( z l )  w i l l  s a t i s f y  Laplace 's  Equation, 
2 A q = O  
with some boundary condi t ion s p e c i f i e d  on S. 
Equation 3-7 expresses  q(gl) as t h e  s o l u t i o n  t o  a second o rde r  
homogeneous p a r t i a l  d i f f e r e n t i a l  equat ion with appropr i a t e  boundary 







3 . 3  Comparing t h e  S t a t i s t i c s  of Random Processes i n  T i m e  with Rotation 
I n v a r i a n t  Processes  on a Sphere 
The covariance funct ion of a s t a t i o n a r y  random process  def ined 
over  t he  real  l i n e  with t i m e  as the  independent v a r i a b l e  i s  c a l l e d ,  i n  
t h e  terminology of c o n t r o l  theory,  t h e  au tocor re l a t ion  funct ion.  The 
Four i e r  transform of  t h e  au tocor re l a t ion  funct ion i s  c a l l e d  the  power 
s p e c t r a l  d e n s i t y  of t h e  process ,  and it i s  non-negative. The Fourier  
t ransform can be used f o r  t h e  s p e c t r a l  r ep resen ta t ion  of  t h e  auto- 
c o r r e l a t i o n  funct ion because t h e  covariance i s  def ined over t h e  real  
l i n e .  A r o t a t i o n  i n v a r i a n t  random process  on S i s  a funct ion of  
el.e2, and i f  
func t ion  i s  [-1,1]. 
A func t ion  def ined on t h i s  bounded i n t e r v a l  may be represented by 
t h e  c o e f f i c i e n t s  of i t s  Fourier  o r  Legendre series r ep resen ta t ion .  
Because a Legendre series r ep resen ta t ion  i s  v a l i e d  over [-1,1], it i s  
used t o  r e p r e s e n t  func t ions  def ined on a sphere,  and t h e  c o e f f i c i e n t s  
of the Legendre polynomials i n  the  Legendre series r ep resen ta t ion  of 
the covariance func t ion  w i l l  be c a l l e d  the  d i s c r e t e  s p e c t r a l  repre-  
s e n t a t i o n .  Analogous t o  t h e  non-negative power s p e c t r a l  d e n s i t y ,  t h i s  
1 d i s c r e t e  spectrum i s  non-negative . Define x ( e )  t o  be a r o t a t i o n  
i n v a r i a n t  random process  def ined on S ,  t h e  su r face  o f  a u n i t  sphere.  
The covariance func t ion  i s  
x = e e = cos0 , then t h e  domain of t h e  covariance -1 - -2 
C(gl,z2) = = C(x) = E[x(g l )x (g2)1  3- 8 
s i n c e  x ( g )  i s  r o t a t i o n  i n v a r i a n t .  An expression f o r  t h e  d i s c r e t e  
1. See appendix D f o r  a proof of t h i s .  
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% 
spectrum of C(x) w i l l  now be der ived.  Define C t o  be a r o t a t i o n  
i n v a r i a n t  ope ra to r  with ke rne l  C(gl.z2) , 








From t h e  theory of  l i n e a r  ope ra to r s  t h e r e  e x i s t s  a complex 
number A , c a l l e d  an eigenvalue of t h e  l i n e a r  o p e r a t o r  2 ,  i f  t h e r e  
e x i s t s  a non-zero vec to r  f such 
t h a t  
% 
Cf = Af. 3-11 
?J 
Each such vec to r  f i s  c a l l e d  on eigenfunct ion of C , and t h e  
cons t an t s  A corresponding t o  each f are c a l l e d  eigenvalues .  
i s  a s p h e r i c a l  harmonic polynomial of  degree m and P (p) is  a 
I f  ym(e )  
k 
1 Legendre polynomial of degree k ,  t h e  follwoing r e l a t i o n s h i p  holds  , 
3-12 
where C i s  t h e  value of  y,(Q,$). 
f o r  P (cos 0)  and bnm i s  the  Kronecker d e l t a  funct ion.  
a t  t h e  po le  of t h e  coordinate  system 
n 
1. See page 1 2 6 ,  r e f e rence  ( 6 ) .  
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Equation 3-12 can be w r i t t e n  as 
3-13 
i f  5 i s  taken t o  be t h e  po le  ( z  axis) of the coordinate  system. 
Thus from equat ions 3-9, 3-10, t he  c o n t i n u i t y  of C ( x )  and ym(e)  , 
and t h e  r e l a t i o n s h i p  from equat ion 3-13, 
= cm Y,(E) . 




and t h e  e igenvec to r s  (e igenfunct ions)  a r e  t h e  s p h e r i c a l  harmonic 
polynomials ym(e )  . 
20 
Thus equat ion 3-10 can be r e w r i t t e n  as 
m 
3-16 
The eigenvalues  of 2 correspond t o  t h e  power spectrum of t h e  
covariance funct ion C ( x ) .  
- 3.4 Covariance Functions Derived from Covariance of Gravity Anomalies 
Consider t h e  q u a n t i t y  q(E1) der ived from g r a v i t y  anomalies on 
S by t h e  equat ion,  
3-17 
Consider f u r t h e r  t he  ope ra to r  2 t o  be r o t a t i o n  i n v a r i a n t ,  and 
Ag t o  be a r o t a t i o n  i n v a r i a n t  random process  with covariance C ( e  e ) .  
L e t  Q ( E ~ , E ~ )  be  t h e  covariance funct ion f o r  q ( E ) .  
Thus Q(sl,g2) = E[q(e?,)q(e2)]. The spectrum of M is  Mk, given by 
equat ion 3-15. W e  wish t o  show t h a t  q ( e )  - i s  a r o t a t i o n  i n v a r i a n t  
random process  with power spectrum given by t h e  equat ion 
-1 - -2 
'L 
where Ck i s  t h e  power spectrum of C(g1.g2) . 
Define f and h t o  be continous func t ions  on S. Then de f ine  
2 1  
2, 
Assuming MAg (e) i s  continuous , 
% But t h e  r o t a t i o n  inva r i ance  of M implies  
M(gl,g2) = M(gc?.~~) = M(g2 ,e . l )  . 3-19 
Thus 
1 Ag (e3) dS (e,) dS (e,) t 
where A*B r e p r e s e n t s  t h e  convalut ion of A w i th  B, 
3-20 
3-21 
2 2  
Comparing t e r m s  i n  3-18 and 3-20, 
Q = M*C*M 
2, 2,2% 
Q = M C  3-22 
and s i n c e  C and M are func t ions  of zl.g2, Q(gl,g2) i s  a func t ion  of 
2 1 - 2 2  and by t h e  Funk-Hecke formula ( 4 )  , Q(x)  i s  t h e  covariance of  
a r o t a t i o n  i n v a r i a n t  random process .  Since convolution i n  t h e  space 
domain corresponds t o  a m u l t i p l i c a t i o n  f o r  t he  s p e c t r a l  r e p r e s e n t a t i o n ,  
2 
Qk = MkCk% = MC Ck = IMkl 'k * 3-23 
2 Since Mk 2 0 and (proven i n  APPENDIX D) Ck 3 0 ,  then 
from equat ion 3-23. 
Q k 2  0 and Qk i s  t h e  s p e c t r a l  r e p r e s e n t a t i o n  of t he  
covariance of a r o t a t i o n  i n v a r i a n t  i n t e g r a l  t ransform of a r o t a t i o n  
i n v a r i a n t  random process ,  Ag(e) , on S. Thus one r e s u l t  of t r e a t i n g  
g r a v i t y  anomalies a s  a r o t a t i o n  i n v a r i a n t  random process  on S i s  t h a t  
by using equat ion 3-23, it i s  extremely easy t o  o b t a i n  t h e  power 
spectrum of a random process  der ived as a r o t a t i o n  i n v a r i a n t  l i n e a r  
i n t e g r a l  t ransform of  g r a v i t y  anomalies on S. 
I f  R ( g l , g 2 )  = EILAg(gl) MAg(g2)] 
o p e r a t o r s ,  then t h e  cross-spectrum Rk i s  given by 
?, ?, ?, 2, 
where L and M are r o t a t i o n  i n v a r i a n t  
% = Mk Lk Ck and R ( ~ ~ , 2 ~ . 2 )  = R ( e  e 1 ,  bu t  R i s  not -1'-2 k 
n e c e s s a r i l y  non-negative. 
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Chapter 4 
COVARIANCE OF GRAVITY ANOMALIES ABOVE THE SURFACE OF A SPHERE 
4 . 1  In t roduc t ion  
I n  t h i s  chap te r  t h e  theory developed i n  chapter  3 w i l l  be used t o  
c a l c u l a t e  t h e  covariance funct ion of  g r a v i t y  anomalies above t h e  
s u r f a c e  of a sphere,  given the  covariance funct ion f o r  g r a v i t y  anoma- 
l i e s  on t h e  s u r f a c e  of t h e  sphere.  
4 . 2  Covariance Function f o r  Gravity Anomalies on S 
Gravity anomalies on S w i l l  be t r e a t e d  as a r o t a t i o n  i n v a r i a n t  
random process  on S. Up t o  now it has been assumed t h a t  t he  covariance 
func t ion  i s  a known funct ion with d i s c r e t e  non-negative spectrum. 
For now w e  w i l l  assume t h a t  t he  covariance funct ion t akes  t h e  form of 
a tent’  funct ion.  The t e n t  funct ion w a s  chosen t o  s impl i fy  t h e  calcu- 
l a t i o n  of t h e  spectrum of t h e  covariance func t ion ;  t h e r e  i s  no guaran- 
tee t h a t  t h e  spectrum derived w i l l  be non-negative, and t h e  a c t u a l  
c a l c u l a t i o n s  shows t h a t  some t e r m s  i n  t h e  spectrum a r e  indeed negat ive.  
Since t h e  t e n t  funct ion i s  no t  intended t o  r e p r e s e n t  an a c t u a l  
covariance func t ion ,  t h i s  i s  unimportant. A covariance func t ion  
obtained from ac tua l  measurements of g r a v i t y  anomalies i s  l a t e r  approxi- 
approximated by a piecewise l i n e a r  funct ion2 whose spectrum i s  found t o  
be non-negative. 
I f  C(x) i s  t h e  covariance func t ion  f o r  g r a v i t y  anomalies on S ,  
x = cos ( x E  [-l,ll) , and 
1. See f i g u r e  1, Appendix A ,  which shows a gene ra l  l i n e  segment on 
[-1,1] which i s  a t e n t  func t ion  f o r  a 
t h e  t e n t  func t ion ,  a s p e c i a l i z a t i o n  of  t he  l i n e  segment of f i g u r e  1. 
= 1, b2 = 0. Figure 2 shows 1 
2.  See f i g u r e  3 ,  Appendix A. 
2 4  
i f  C ( x )  i s  a l i n e  segment as shown i n  f i g u r e  1, APPENDIX A ,  then 
4-1 1 C(x) = b(x-a) i f  a < x ~ a  2: 
2 = o  i f  x > al o r  x <  a 
where 
and al # a2 bl - b2 
al - a2 
b =  
a =  - b1a2 and bl # b2 
b2 - bl 
and f o r  C(x) a t e n t  func t ion ,  
al = 1 
b2 = 0. 
Using equat ion 3-16, w e  can express  C ( x )  i n  t e r m s  of i t s  power 




W e  now f i n d  an a n a l y t i c  expression f o r  Ck by u t i l i z i n g  the assumed 
simple form of C ( x )  ( t h e  l i n e  segment shown i n  Figure 1, APP.AJ . The 
expression fol lows from two w e l l  known r e l a t i o n s h i p s 2  f o r  Legendre 
polynomials, I I 
pk+l - pk-l (x) I 
2k + 1 
d where I 
P k ( X )  = -& P k ( X )  I 
4-3 
1. See f i g u r e  3 ,  APPENDIX A. 
2 .  See page 9 1 ,  r e f e rence  ( 6 )  
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and 
kPk-l ( X I  + (k+ l )  pk+l ( X )  
2k + 1 X P k ( X )  = 





Now, using equat ion 4-3, 
Now from r e l a t i o n  4 - 4 ,  and using 4-3, 
a 1 kPkql(x) + (k+l)Pk+l(x)  
dx p'. Pk(x)dx  = 2k + 1 
a2 2 
+ (&}['k+2 (a,) - 'k(al) - 'k+2 (a,) + 'k(a2)] 1 ' 4-7 
Combination of t h e s e  r e s u l t s  y i e l d s  
2 6  
1 
1 
C ( X I  Pk ( X I  dx 
- b (2k+l) k 
- -)[ (2k-1) (2k+3){Pk(al)-Pk(a2)) + m ( P k - 2 ( a 2 ) - P k - 2 (  
Thus from equat ion 3-15, 
2 7 ~  f (a l la2 ,b l fb2 ,k)  
2k+l Ck = 
4-8 
4-9 
- 4.3 Covariance of  Gravi ty  Anomalies a t  an A l t i t u d e  
L e t  Q ( E ~ . E ~ )  = Q(x)  be t h e  covariance of g r a v i t y  anomalies a t  
a he igh t  ( r - R )  above S. Since g rav i ty  anomalies a t  r ad ius  r a r e  
expressed as a r o t a t i o n  i n v a r i a n t  opera tor  M (equat ion 2-5)  ope ra t ing  
on g r a v i t y  anomalies on S I  t h e  theory developed i n  Chaper 3 app l i e s .  
The spectrum of Q(x )  i s  obtained from equat ion 3-23. Comparing 
equat ions  2-7 and 3-16, t he  spectrum of t h e  ope ra to r  % i s  found t o  be 
% 
2 (k+l )  
Mk = ( E )  4-10 
and t h e  spectrum of t h e  covariance func t ion  i s  given by 4-8 and 4-9 ,  
2 (k+ l )  
Qk = (:) 'k 4 - 1 1  
2 7  
and so from equat ion 3-16 and 4-9, 
2 
L e t  y =(E) . 
4-12 
4-13 
S u b s t i t u t i n g  t h e  expression f o r  Ck given by 4-8 and 4-9 i n t o  t h e  
expression f o r  Q(x) (equat ion 4 - 1 2 ) ,  and s impl i fy ing ,  w e  ob ta in  Q(x )  
f o r  our s impl i f i ed  model of C ( x ) ,  
where t h e  f i r s t  t e r m  i n  t h e  above equat ion (corresponding t o  t h e  
n=O t e r m  i n  t h e  summation) i s  obtained from equat ion 3-15, 
1 a 
Co = 2vb/ (x-a)dx 
a7 
L 
= IT (al-a2) (bl+b2) 
and equat ion  4 - 1 1 ,  
4 -14  
2 8  
Then from equat ion 4-12, 
Q(x )  = & Qo Po(x )  + higher  o rde r  t e r m s  i n  y 
- 1 - Y71 a -a ) (bl+b2 1 2  1 + h.0. t .  
(al-a2) (bl+b2) Y + h.0. t .  - 4 
and t h e  second t e r m  i n  ( 4 - 1 4 )  i s  obtained from equat ion 3-15 
where n= l :  
al 
C1 = 2b*$ (x-a)x dx 
a2 
71 
= 5 (al-a2) [ (2a 1 2 1  +a ) b  + (2a2+al)b2] . 
Thus, from equat ion 4-11,  
2 
Q1 = Y Co 
and equat ion 4-12 y i e l d s  
(al-a2) (bl+b2) Y 
Q ( ~ )  =, + 2 Q P (x) + h .0 . t .  4lT 1 1 
+ h.0. t .  . 
4.4  A n  Upper Bound f o r  Truncation Er ro r  - 
A d i g i t a l  computer w a s  used t o  ob ta in  Q ( x ) ,  t h e  covariance 
funct ion f o r  our  s impler  model of g r a v i t y  anomalies a t  a l t i t u d e ,  by 
performing t h e  c a l c u l a t i o n s  and summation i n d i c a t e d  by equat ion 4-14. 
Since only a f i n i t e  number of t e r m s  can be r e t a i n e d  from t h e  i n f i n i t e  
sum of  equation 4-14,  an upper bound on the  t r u n c a t i o n  e r r o r  i ncu r red  
2 9  
when only N t e r m s  are r e t a i n e d  w i l l  now be presented.  Then, given 
some e r r o r  c r i t e r i o n ,  t he  number of t e r m s  which must be r e t a i n e d  t o  
s a t i s f y  t h e  c r i t e r i o n  can be determined. For X E  [-1,1] t h e  t runca t ion  
e r r o r ( € )  which r e s u l t s  from approximating Q ( x )  by t h e  f i r s t  N t e r m s  of 
t h e  summation i n  equat ion 4-14 w i l l  be bounded above by the following 
expression which i s  der ived i n  APPENDIX D ;  
E < [*+ 3 (2N-1) Y (2-y)  ] IblYN+l . 4-15 
- 4 . 5  Computations Performed 
For the  f i r s t  se t  of computations, t he  covariance funct ion of 
g r a v i t y  anomalies on S i s  assumed t o  be t h e  t e n t  funct ion shown i n  
Figure 2 ,  APPENDIX A. 
i s  equ iva len t  t o  normalizing the var iance C ( 0 )  of g r a v i t y  anomalies 
on S.  A computer program w a s  w r i t t e n  i n  FORTRAN I V  t o  c a l c u l a t e  t h e  
covariance func t ion  f o r  g r a v i t y  anomalies a t  a d i s t a n c e  r from t h e  
c e n t e r  of a sphere of r ad ius  R,  on which t h e  covariance funct ion i s  
de f ined  by the  t e n t  func t ion .  For s i m p l i c i t y  t h e  e r r o r  c r i t e r i o n  was 
chosen t o  keep t h e  abso lu te  e r r o r s  due t o  t runca t ion  smaller  than some 
given cons t an t  E .  The program used i s  PROGRAM I, APPENDIX B. I t  
accep t s  a f i x e d  cons t an t  E ,  and using t h e  e r r o r  bound given by equat ion 
4-15, c a l c u l a t e s  N ,  t h e  number of t e r m s  which must be r e t a i n e d  i n  t h e  
summation expression f o r  Q ( x )  , t h e  covariance a t  r ad ius  r. 
The cons t an t  bl i s  assumed t o  be u n i t y ,  which 
0
0 
The program c a l c u l a t e s  Q ( x )  f o r  R z 1 . 0  and va r ious  values  of 
r and a 2 ,  with E = .01. 
A second se t  of computations was c a r r i e d  o u t  using d a t a  f o r  t h e  
a c t u a l  covariance funct ion which w a s  approximated by t h e  piecewise 
l i n e a r  func t ion  shown i n  F I G U R E  3 ,  APPENDIX A. The e i g h t  l i n e  segments 
w e r e  chosen t o  f i t  t h e  d a t a  p o i n t s  shown by c rosses  i n  Figure 3 ,  
30 
APPENDIX A ,  obtained from page 5 7  of r e fe rence  (31, and r e p r e s e n t  t h e  
covariance funct ion f o r  g r a v i t y  anomalies over  t h e  su r face  of t h e  
e a r t h  c a l c u l a t e d  from accurate measurements of g r a v i t y  anomalies over 
l i m i t e d  regions of  t h e  land masses (see r e fe rence  ( 3 ) ) .  The program 
used t o  ca r ry  o u t  t he  computation of Q(x)  i n  t h i s  case i s  PROGRAM 1 i n  
A P P E N D I X  B .  The next  s e c t i o n  p resen t s  t h e  r e s u l t s  from both sets of 
computations. 
- 4 . 6  Resu l t s  and Conclusions Regarding Upward Continuation 
For the  f i r s t  set  of computations R ,  t h e  r a d i u s  of the sphe re ,  
was f i x e d  and se t  equal  t o  1 . 0 ,  corresponding t o  one e a r t h  r a d i u s ,  
approximately 6380 krn. Then r ,  the  r ad ius  a t  which Q(x) ( t h e  
covariance func t ion  f o r  g r a v i t y  anomalies) is  determined, w a s  v a r i e d  
(from 1 . 0 0 0 1  t o  1.1) t o  f i n d  Q(x) f o r  var ious a l t i t u d e s  above t h e  
e a r t h ' s  s u r f a c e  (638 m e t e r s  t o  638 km above t h e  s u r f a c e  of t h e  e a r t h ) .  
For each d i f f e r e n t  a l t i t u d e  (value of r )  
t h e  covariance func t ion  C(x) ( t h e  t e n t  func t ion  shown i n  Figure 2 ,  
A P P E N D I X  A) w a s  v a r i e d  from 0 . 6  t o  - 1 . 0 .  The graphs displayed i n  
Figures  one t o  f i f t e e n  i n  A P P E N D I X  C w e r e  c r ea t ed  by program 2 ,  
APPENDIX B from d a t a  generated by PROGRAM 1, APPENDIX B. Each graph 
shows t h e  covariance funct ion f o r  g r a v i t y  anomalies a t  an a l t i t u d e  
f o r  a given covariance funct ion on the  ear th ' s  s u r f a c e  C(x) s p e c i f i e d  
by a2 and shown as a t e n t  € u n c t i o n )  and a f i x e d  a l t i t u d e  ( s p e c i f i e d  
by r ) .  A s  t he  a l t i t u d e  goes t o  zero (as r approaches R)  t he  curves  
f o r  Q(x )  approach t h e  t e n t  func t ion  which r e p r e s e n t s  C ( x ) .  This should 
be t h e  case. The upward cont inuat ion formula (Po i s son ' s  I n t e g r a l )  
y i e l d s  a funct ion which approaches a p re sc r ibed  func t ion  on S ( t h e  
su r face  of a sphe re ,  o r  t he  e a r t h ' s  su r f ace  i n  t h i s  case) as r 
approaches R ,  o r  t he  a l t i t u d e  goes t o  zero. In  our  case t h e  p re sc r ibed  
func t ion  corresponds t o  g r a v i t y  anomalies on S I  with covariance 
funct ion C ( x ) .  The covariance of g r a v i t y  anomalies a t  an a l t i t u d e  
t h e  parameter a2 which d e f i n e s  
( 
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given by t h e  upward cont inuat ion formula ( Q ( x ) )  should approach C(x)  
a s  t h e  a l t i t u d e  goes t o  zero ( r  approaches R ) .  Thus t h i s  r e s u l t  s e e m s  
j u s t i f i e d .  Graphs one t o  f i f t e e n  show t h a t  a s  t he  a l t i t u d e  i n c r e a s e s  
from 0 t o  638 km t h e  covariance func t ion  Q ( x )  becomes a t t enua ted .  
S t a t i s t i c a l l y  t h i s  corresponds t o  a g r e a t e r  c e r t a i n t y  i n  our  knowledge 
of g r a v i t y  anomalies. This behaviour i s  as expected, s i n c e  as the  
a l t i t u d e  becomes very l a r g e ( r  i n c r e a s e s )  t h e  sphere can be t r e a t e d  as 
a p o i n t  m a s s ,  and s i n c e  w e  have assumed t h a t  t he  mass of t he  sphere 
i s  known e x a c t l y ,  t h e  g r a v i t y  anomalies w i l l  be zero with p r o b a b i l i t y  
one,  o r  va r i ance  zero. Thus as the  a l t i t u d e  ( o r  as  r) i n c r e a s e s ,  it 
i s  expected t h a t  Q(x) w i l l  become a t t enua ted .  The f i r s t  23 t e r m s  i n  
t h e  s p e c t r a l  r e p r e s e n t a t i o n  f o r  C(x) a r e  shown i n  Figure 1 6  f o r  var ious 
va lues  f o r  a2.  
t heo ry  demands, b u t  s i n c e  t h e  t e n t  func t ions  r ep resen t ing  C(x) w e r e  
never  intended t o  resemble t h e  a c t u a l  covariance func t ion  f o r  g r a v i t y  
anomalies on the  s u r f a c e  oE t he  e a r t h  t h i s  i s  n o t  s u r p r i s i n g .  
Note t h a t  a l l  of  t he  C k ' s  are no t  non-negative a s  t he  
The second se t  of computations d i f f e r s  from the  f i r s t  only i n  
t h a t  C(x) , t h e  covariance func t ion  f o r  g r a v i t y  anomalies on t h e  e a r t h ' s  
s u r f a c e ,  i s  t h e  piecewise l i n e a r  func t ion  approximating t h e  covariance 
func t ion  obtained from gravimetry by Kaula (3 )  (see Figure 3, AP- 
P E N D I X  A ) .  F igures  1 7  t o  2 1  i n  APPENDIX C show Q ( x )  p l o t t e d  a g a i n s t  
x a s  t he  a l t i t u d e  goes from 638 km. t o  0 km. (as r goes from 1.1 t o  
1 . 0 0  where R=1.0 i s  the  r a d i u s  of t he  s p h e r e ) .  These graphs w e r e  
c r e a t e d  from by Program 3, APP. B from d a t a  generated by Program 1, 
APP. B .  A s  t h e  a l t i t u d e  i n c r e a s e s  Q(x) becomes a t t enua ted .  This i s  
expected f o r  t h e  s a m e  reasons as w e r e  given i n  the  preceeding para- 
graph f o r  s i n g l e  l i n e  segments ( t e n t  f u n c t i o n s ) .  A s  t h e  a l t i t u d e  goes 
t o  zero Q(x) approaches t h e  piecewise l i n e a r  funct ion C(x) as the  
theory p red ic t ed .  Figure 2 2  of  APPENDIX C shows the  spectrum of C(x) , 
t h e  covariance of  g r a v i t y  anomalies on S ( t h e  su r face  of t h e  e a r t h ) ,  
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obtained from a c t u a l  measurements of g r a v i t y  anomalies ( 3 )  . 
and C5 are nega t ive ,  they are s m a l l  w i th  r e s p e c t  t o  o t h e r  non-negative 
c o e f f i c i e n t s ,  and so the  spectrum { ck) i s  e s s e n t i a l l y  non-negative as 
the  theory demands. These computations have demonstrated how t h e  
theo ry  previously der ived can be a p p l i e d ,  given a covariance func t ion  
f o r  g r a v i t y  anomalies on S ( C ( x ) )  and a r o t a t i o n  i n v a r i a n t  o p e r a t o r  
(Po i s son ' s  I n t e g r a l )  . The covariance func t ion  for g r a v i t y  anomalies 
a t  any a l t i t u d e  which i s  obtained could be used t o  give s t a t i s t i c a l  
information about g r a v i t y  anomalies along a s a t e l l i t e ' s  o r b i t  and 
hence h e l p  p r e d i c t  i t s  motion. 
While C1 
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Chapter 5 
COVARIANCE FUNCTION FOR ANOMALIOUS POTENTIAL 
ON AND ABOVE THE SURFACE OF A SPHERE 
5 . 1  In t roduct ion  -- 
I n  t h i s  chapter  the  theory developed i n  Chapter 3 i s  used t o  
c a l c u l a t e  t h e  covariance func t ion  of t he  anomalous p o t e n t i a l  above o r  
on t h e  su r face  of a sphere.  The information ava i l ab le  i s  t h e  covariance 
func t ion  f o r  t h e  r o t a t i o n  i n v a r i a n t  random process  on S ,  g r a v i t y  
anomalies. A l i n e a r  r o t a t i o n  i n v a r i a n t  ope ra to r  on g r a v i t y  anomalies 
(Stokes '  Formula) y i e l d s  anomalous p o t e n t i a l  a t  an a l t i t u d e ,  j u s t  a s  
t h e  upward cont inua t ion  formula expresses  g r a v i t y  anomalies a t  an 
a l t i t u d e .  
S tokes '  ope ra to r  from s e c t i o n  2.3)  i s  
Comparing equat ions  2 - 1 1  and 3-16, t h e  spectrum of 6 ( t h e  
n + l  
G k =  ( & ) '  5-1 
5.2 Covariance of Anomalous P o t e n t i a l  a t  an Al t i t ude  
L e t  R(x) be t h e  covariance func t ion  of  t h e  anomalous p o t e n t i a l  a t  
an a l t i t u d e  of ( r - R )  e a r t h  r a d i i  above S. The spectrum of R(x) i s  
obta ined  from equat ion  3-23 where F$ i s  replaced by Gk from equat ion 
5-1. The covariance func t ion  f o r  g r a v i t y  anomalies on S ,  C ( x )  , w i l l  be 
t h e  l i n e  segment def ined  i n  s e c t i o n  4 . 2 ,  and thus  Ck i s  def ined  by 
4-8 and 4-9 ,  and 




I f  t h e  t e r m  i n  square b racke t s  i n  equat ion 5-3 i s  rep laced  by 
‘n 
2 2 ,  R (n-1) 
t h e  new summation has  t h e  proper ty  t h a t  each t e r m  dominates t h e  
corresponding t e r m  in 5-3. I f  only N t e r m s  a r e  used i n  eva lua t ing  t h e  
new sum, t h e  t runca t ion  e r r o r  incur red  w i l l  be  g r e a t e r  than or  equal  t o  
t runca t ion  e r r o r  incur red  by approximating R ( X I  by IJ terms a€ t h e  i n f i n i t e  
summation 5-3. Comparing t h e  expression f o r  Q ( x )  ( 4 - 1 2 )  and R(x) 
(5-3) , and looking a t  equat ion 4 - 1 4 ,  w e  see t h a t  R ( x )  can be expressed 
as  
(al-a2) (bl+b2) Y m yk+l  
R(x) = + +  c 2 f (a l f  a2 ,bl,b2 ,k)  Pk (x)  . 
4 R2 k=2 R (k-1) 
5.3 An Upper Bound f o r  Truncation Er ro r  
An upper bound f o r  t h e  t runca t ion  error ( E )  incur red  by approxi- 
mating R(x) , expressed as an i n f i n i t e  series by equat ion  5-4, by a 
f i n i t e  sum i s  der ived  i n  APPENDIX D, and presented  below, 
5-4 
5- 5 
- 5.4 Computations Performed 
A s  i n  Sec t ion  4 . 6 ,  , t h e  f i r s t  set  of computations assumes a 
covariance func t ion  of g r a v i t y  anomalies on S which t akes  t h e  form of 
t h e  t e n t  func t ion  shown i n  FIGURE 2, APPENDIX A. 
assumed t o  be un i ty  as before .  Program 1, APP. B c a l c u l a t e s  t h e  
covariance func t ion  f o r  anomalous p o t e n t i a l  f o r  var ious  a l t i t u d e s  above 
the  su r face  of t h e  sphere ( t h e  e a r t h )  and f o r  var ious  va lues  of t h e  
parameter a used t o  spec i fy  C(x) , t h e  covariance of g r a v i t y  anomalies 
on t h e  sur face .  
The cons t an t  bl i s  
2 
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For t h e  second se t  of computations C(x)  i s  taken t o  be t h e  
piecewise l i n e a r  funct ion shown i n  Figure 3, APPENDIX A. This funct ion 
r e p r e s e n t s  t h e  covariance func t ion  f o r  g r a v i t y  anomalies on t h e  e a r t h ' s  
s u r f a c e  obtained from gravimetry as descr ibed i n  s e c t i o n  4 .6 .  The 
covariance func t ion  f o r  anomalous p o t e n t i a l  R(x) i s  c a l c u l a t e d  f o r  
va r ious  a l t i t u d e s  by PROGRAM 1, APP. B. 
5.5 Resu l t s  -
For t h e  f i r s t  set of computations R, the r ad ius  of t h e  sphere,  was 
s e t  equal  t o  1 . 0  corresponding t o  one e a r t h  r ad ius  (approximately 
6380 km) and then R ( x )  w a s  c a l c u l a t e d  f o r  va r ious  a l t i t u d e s  from 0 t o  
638 km and f o r  va r ious  t e n t  func t ions  de f in ing  C(x) ( o r  var ious values  
of  a 2 ) .  
c r e a t e d  by Program 2 ,  APP.  B from d a t a  generated by Program 1, 
APPENDIX B. Each graph shows t h e  covariance funct ion f o r  anomalous 
p o t e n t i a l ,  R(x) , as a broken l i n e ,  and C(x) , t h e  covariance funct ion 
f o r  g r a v i t y  anomalies on t h e  s u r f a c e ,  as a t e n t  funct ion.  The func t ions  
R(x) are normalized so t h a t  on the  su r face  of t h e  earth the va r i ance  
( R ( 0 ) )  i s  u n i t y .  A s  i n  Chapter 4 ,  a s  t h e  a l t i t u d e  inc reases  R(x) 
becomes a t t e n u a t e d ,  bu t  t he  func t ions  themselves s e e m  q u i t e  unreason- 
a b l e .  This r e s u l t  i s  q u i t e  e a s i l y  explained. A s  w a s  previously 
mentioned t h e  t e n t  func t ions  r ep resen t ing  C(x) a r e  n o t  intended t o  
r e p r e s e n t  a c t u a l  covariance func t ions  f o r  g r a v i t y  anomalies on t h e  
s u r f a c e .  Graph 1 6 ,  APP. C ,  shows t h a t  t h e  spectrum of t h e  t e n t  
func t ions  has  l a r g e  negat ive members as w e l l  as a l a r g e  C1 t e r m  (where 
C 
i s  a func t ion  of every element of  t h e  spectrum Ck except  f o r  C1. 
Since R(x) i s  independent of C1, t h i s  means t h a t  every covariance 
func t ion  f o r  g r a v i t y  anomalies der ived from any given covariance 
func t ion  by changing C1 i n  i t s  spectrum w i l l  g ive  r ise t o  t h e  s a m e  
covariance f o r  anomalous p o t e n t i a l  , R(x) . This observat ion confirms 
The graphs displayed i n  Figures  one t o  f i t e e n  i n  WP.C w e r e  
i s  t h e  c o e f f i c i e n t  of Pl(cosO)) . Equation (5-3) shows t h a t  R(x) 1 
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t he  p h y s i c a l l y  motivated assumption t h a t  an a c t u a l  covariance func t ion  
f o r  g r a v i t y  anomalies must have t h e  member C1 of i t s  spectrum equa l  t o  
zero.  
For t h e  second set  of computations C(x) i s  t h e  covariance func t ion  
of Figure 3,  APP. A der ived from a c t u a l  measurements of  g r a v i t y  ( 3 ) .  
Figure 2 2 ,  APP. C,shows t h e  spectrum of C(x) and h e r e  t h e  C1 m e m b e r  i s  
so s m a l l  wi th  r e s p e c t  t o  the  o t h e r  members of t h e  spectrum t h a t  it may 
be neglected.  Graph 1 7  t o  2 1  i n  APPENDIX C show R(x) as a dashed curve 
f o r  va r ious  a l t i t u d e s  from zero t o  638 km. A s  t h e  a l t i t u d e  i n c r e a s e  
R(x) becomes a t t enua ted .  The explanat ion fox t h i s  i s  t h e  same as t h a t  
proposed i n  s e c t i o n  4.6 where the  s a m e  a t t e n u a t i o n  w a s  observed f o r  
t h e  covariance func t ion  of g r a v i t y  anomalies. 
5.6 Verifying S t a t i s t i c a l  Assumptions 
This s e c t i o n  v e r i f i e s  t he  v a l i d i t y  of t h e  assumption t h a t  g r a v i t y  
anomalies can be  considred as a r o t a t i o n  i n v a r i a n t  process .  I f  anoma- 
lous  p o t e n t i a l  i s  considered t o  be a s t a t i o n a r y  random process  which 
is  e rgod ic  a s  w e l l ,  then t h e  c o e f f i c i e n t s  i n  t h e  a s s o c i a t e d  Legendre 
funct ion expansion f o r  t h e  p o t e n t i a l  w i l l  g ives  t h e  covariance func t ion  
f o r  anomalous p o t e n t i a l .  Reference 3 g i v e s  t h e  fol lowing formula f o r  
t he  c a l c u l a t i o n  of R ( x ) ,  t he  covariance funct ion f o r  anomalous p o t e n t i a l  
on S: 
m m  
2 -2 R(x) = 1 1 (6cnm + 6Snm)Pn(x) 
n=2 m=O 
5-6 
where .%cnm and 6gnmare t h e  normalized harmonic c o e f f i c i e n t s  of t h e  
anomalous p o t e n t i a l  . From Chapter 2 ,  r e f e rnce  (131, i f  t h e  a r b i t r a r y  
mean r a d i u s  of t h e  e a r t h  used i n  t h e  expression f o r  t he  anomalous 
1 
1. See page 2 1 ,  equat ion (2-15) of r e fe rence  (13 ) .  
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p o t e n t i a l  (equat ion 2 . 1 5  r e fe rence  13)  i s  set  equal  t o  t h e  semi-major 
a x i s  of  t h e  e a r t h  e l l i p s o i d  (equation 2 . 1 4  r e f e rence  131, then 
5-8 
where cnm and snm are t h e  normalized s p h e r i c a l  harmonic c o e f f i c i e n t s  
used i n  expressing t h e  p o t e n t i a l  as a sum of normalized a s soc ia t ed  
Legendre func t ions ,  and may be c a l c u l a t e d  (equat ion 2.13, ( 1 3 ) ) .  
Data obtained from observing sa te l l i t e  motions and from gravimetry 
w e r e  used by K'dhnlein(11) t o  determine va lues  f o r  cnm and snm. 
equat ion 2.13 i n  r e f e r e n c e ( l 3 )  , va lues  f o r  c(')were obtained,  where 
c") c o n s i s t s  only of even zonal harmonics 
Using 
nm 
-('I Since E ( " )  i s  very 
'2n,0* 6 1 0  nm 
s m a l l  i n  comparison t o  c6,0, - (PI  C k l 0  w a s  considered zero f o r  k>6. Thus 
using 5-7 and 5-8 it i s  p o s s i b l e  t o  ob ta in  values  f o r  6cnm and 6snm,  
and so,  from equat ion 5-6, R ( x ) ,  t h e  covariance funct ion f o r  anomalous 
p o t e n t i a l  on S.  I n  s e c t i o n  5-6 anomalous p o t e n t i a l  on S was c a l c u l a t e d  
from C ( x ) ,  t h e  covariance of g r a v i t y  anomalies on S ,  where g r a v i t y  
anomalies w e r e  considered t o  be a r o t a t i o n  i n v a r i a n t  random process  on 
S.  Graph 23, APP. C shows R ( x )  obtained from Kb'hnlein's model of po- 
t e n t i a l  ( s a t e l l i t e  motions and g rav ime t ry ) ,  shown by t h e  s o l i d  l i n e l a n d  
R(x) obtained from Kaula 's  (3) d a t a  ( t h e  covariance funct ion of g r a v i t y  
anomalies on S obtained from gravimetry) shown by the  dashed l i n e .  The 
very c l o s e  agreement between these  covariance func t ions  (on t h e  s c a l e s  
f o r  which t h e  graphs agree)  der ived from independent sources ( g r a v i t y  
anomalies on t h e  s u r f a c e  of t h e  e a r t h  and p o t e n t i a l  der ived from s a t e l -  
l i t e  obse rva t ions )  confirms t h e  v a l i d i t y  of t r e a t i n g  g r a v i t y  anomalies 
as a r o t a t i o n  i n v a r i a n t  random process  over t h e  su r face  of a sphere.  
l 




One conclusion which may be drawn i s  t h a t  i f  g r a v i t y  anomalies 
are modelled as a r o t a t i o n  i n v a r i a n t  random process  on the  su r face  of 
t h e  e a r t h  ( o r  a sphere)  then it i s  easy t o  c a l c u l a t e  t he  covariance 
func t ion  f o r  t h e  anomalous p o t e n t i a l  and g r a v i t y  anomalies a t  any 
a l t i t u d e .  Fu r the r ,  t h e  covariance funct ion f o r  g r a v i t y  anomalies and 
anomalous p o t e n t i a l  a t  any a l t i t u d e  w i l l  be independent of  p o s i t i o n  
on t h e  e a r t h ,  and so w i l l  a l s o  be r o t a t i o n  i n v a r i a n t  random processes.  
While it has n o t  been d i r e c t l y  proven t h a t  g r a v i t y  anomalies form a 
r o t a t i o n  i n v a r i a n t  random process ,  it has been shown t h a t  t h i s  
assumption i s  a c o n s i s t e n t  one when r e s u l t s  der ived from it are 
compared with s i m i l a r  r e s u l t s  from independent ( sa te l l i t e )  data .  To 
be more p r e c i s e ,  what has been shown is  t h a t  i f  anomalous p o t e n t i a l  
i s  an e rgod ic  r o t a t i o n  i n v a r i a n t  random process  then assuming g r a v i t y  
anomalies t o  be  a r o t a t i o n  i n v a r i a n t  random process  does no t  g ive  r ise 
t o  any con t r ad ic t ions .  Thus t h e r e  are s i t u a t i o n s  i n  which g r a v i t y  
anomalies may be t r e a t e d  as a r o t a t i o n  i n v a r i a n t  random process  on t h e  
s u r f a c e  of a sphere.  F i n a l l y  i f  g r a v i t y  anomalies are modelled as 
a r o t a t i o n  i n v a r i a n t  random process  then t h e  covariance funct ion must 
n o t  have a C1 t e r m  i n  i t s  spectrum. 
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APPENDIX A 
GRAPHS O F  COVARIANCE FUNCTIONS 
















































































4 4  
PROGRAM 1 - 1 
DIMENSION C(202,10),B(208),RX(202,10),PL(4,70~,PA(20%,2~ 
DIMENSION N( 7 0  ),X( 2021, NP( 7 0  ) ,A(70 ),RR(70 
DIMENSION T(7f l ,2) ,  B 1 ( 2 0 2 ) ,  R X l ( 2 0 2 , l O )  
ER=.Ol 
K D = l f l  
I R = 1  
9 0 8  KLH=O 
P R I N T  1 9 9  
1 9 9  FORMAT( l X ,  1 7 H N L 4 ,  NCH=O, QIJ 1 7 - 9  1 
READ 201, ICH 
2 0 1  FORMAT( 1 2 )  
IF ( ICH.EQ.0 )GO TO 8 7 6  
IF ( ICH.EQ.9 )GO TO 999 
IF ( ICH.LT .5 )GO TO 6 6 1  
IF( IR.GT.1)GO TO 3 2 7  
READ ( f in,  2 0 4 ) ( ( PL ( I , J 1, I = 1,4 1, NP ( J 1, N ( J 1, J =1, I CH 1 
I R = I R + l  
GO TO 3 2 7  
P R I N T  200 
REAn 
66 1 CONT 1 N U E  
2 0 0  FORMAT( lX ,2 f iHAl ,A2,R l ,B2 4F7.4 NP,FI 2 1 3  1 
2 0 4  FORMAT( 4F7.4,2 1 3 )  
I SAVE= I CH 
3 2 7  K L H = K L H + l  
IF(KLH.GT.  ICHIGO TO 3 2 8  
NSV=N ( K LH 1 
K l = N (  KLH )+1 
K 3 = K l + l  
PA( 1, J 1 =PL(  J, KLH 
PA( 2, J) =0. 5*( 3.0*PL(  J, KLH) * * 2 - 1 . 0  1 
DO 5 I=3,K3 
PA( I ,  J )=PA( 1-1, J * PL(  J, KLH )*FLOP.T( 2 *  1-1 
5 PA ( 1 , J =( PA( I , J 1 -PA ( I - 2 ,  J *F LOAT( I - 1 1 1 / FLOAT ( 1 1 
K13 =N( KLH + 3 
K12 =K 1 3 -  1 
B l ( K 1 2 ) = O . O  
B l ( K 1 3 ) = 0 .  D 
B ( K 1 2 ) = 0 . 0  
R (  K13 )=O. 0 
K2=NP( KLH 1 + 1 
8 7 6  CONTINUE 
IF(ICH.NE.O)GO TO 7 2 9  
KLH=1  
N(KLH)=NSV 
I CH= I SAVE 
IF(KLH.NE.1)GO TO 3 2 9  
2 04, ( ( P L ( I , J 1, I =1, 4 1, N P( J 1, N ( J , J = l ,  1 CH 1 
DO 5 tJ=1,2 
7 2 9  CONTI MJE 
45 
PROGFW4 1 - 2 
PRINT 2 n 2  
2 0 2  FORtMAT( l X ,  14HPO, R1, R2 3 F 6 . 4 )  
READ 2 n 5 ,  RO, R1, R2 
2 0 5  FORMAT(3FC.4) 
GAMMA=R 0 **  2 / ( R 1 *R2 
3 2 9 A ( K L H  1 = ( P L ( 1, K L H  ) * P L  ( 4, K L H  - PI. ( 3, K 
1 ( P L ( 4 .  KLt : ) -PL(  3, KLH)  1 
H)*PI. 2, K LH 1 / 
DO 8 8 8  I=F,,NKLH 
AAA=-A( KLH)  
GO TO 771: 
I F ( A (  KLH)  GE. n .I! ) G O  TO 7 7 7  
7 7 7  AAA=A( KLH)  
7 7 8  IF(RR(KLH).GE.O.P)GO TO 7 9 0  
R R R = - B B  ( K L H )  
GO TO 7 9 1  
7 9 0  ORB=BR(KLH) 
7 9 1  C O N T I N U E  
GGG=O.O 
I F ( I . G T . l O n ) G O  TO 533 
T;GG=GAlIF?A / ( 3.0 * 2.0 ** ( I - 1 1 * ( 2 . 0 -GAMMA ) ) 
5 3 3 ECK=( GAr.!MA+ 12.  n+ 2 4 n * A A A  1 / ( 1 2 . 0  * ( 1.0-GAMKA ) 
1 +GGG)*GAP.lMA**( I + l ) * R R R  
IF(ECK.GE.ER)GO TO 8 9 8  
N( KLH)  = I 
GO TO 8 8 9  
8 8 8  CONTI P!UE 
8 8 9  P R I N T  887,t.I(KLH) 
8 8 7  FORblAT(lX, 1 5 )  
K 1 = N ( K L H  + 1 
DO 11 J = l , K 2  
X (  J =FLOAT( (PIP( KLH)  / 2  ) + l - J  1 / F L O A T (  tJP( KLH)  / 2  
DO 1 0  l l = l , K l  
I = N ( K L H ) + l - I  I 
I l=I  +1 
I F ( I . N E . 1 ) G O  TO 6 
A 9 = 3 . 1 4 1 5 0 2  7 * (  PL(1 ,  KLH ) - P L (  2 ,  K L t I  1 1 / 3 . 0  
C( I 1, KLH 1 =A9*( ( 2. * P L (  1, KLH + P L (  2, KLH 
P , C O = C (  I 1, KLH)  *GAMMA**?*3. n /  ( 4 . 0 * 3 . 1 4 1 5 9 2 7 8  1 
ACO-0.0 
GO TO 7 
C (  I 1, KLI1) =( PI. ( 1, KLH ) - PL ( 2, KLH 1 * ( PI. ( 3, KLH + P L  ( 4, KLH 1 *3 .14  1 5 9  2 7 8  
BCO=C( 11, KLH)*GAMMA/( 4 . 0 * 3 . 1 4 1 5 9 2 7 8  1 
ACO=RCO/R0**2 
GO TO 7 
ZZ=O.0 
GO TO 9 
9 C( I 1, KLH 1 =(  2 . 0 * 3 . 1 4 1 5 9 2  78*RB(  KLH 1 / F L O A T (  2 *  I +1) 1 * (  FLOAT( 2 *  I +1)* 
* P L (  3, KLH ) +  ( 2 . 0 * P L  ( 2, KLH 1 
l + P L ( l , K L t l ) ) * P L ( 4 , K L H ) )  
6 IF ( I .NE.O)GO TO 8 
8 I F ( I . N E . 2 ) G O  T n  1 2  
1 2  ZZ=PA( I -2 ,2 ) -PA( I -2 ,1 )  
46 
PROGRAM 1 - 3 
1 ( P A (  I , l ) - P A (  I ,2 )  ) / F L O A T ( (  2*1  -l)*( 2 * 1 + 3 )  1 + ZZ 
2 * F L O A T ( I ) / F L O A T ( 2 * 1 - 1 )  + ( P A ( 1 + 2 , 1 ) - P A ( 1 + 2 , 2 ) ) * F L O A T ( l + l ) /  
3 FLOAT( 2*  I + 3  ) + A (  KLH 1 * (  PA( I +1,2 1 -PA( I + l , l ) + P A (  I-1,l) -PA( 1 -1,2 1 1 1 
RCO=C( I 1, K LH ) *GAI.1MA** ( I + 1) *FLOAT( 2*  I + 1 1 / ( 4.0* 3.14 1 5 9  2 78 1 
ACO=BCO/(FLOAT(I-l)**2*RO**2) 
7 B(l+l)=(FLOAT(2*I+l)*X(J~/FLOAT(I+l))*R~l+?~ 
1 - (FLOAT(I+l)/FLOAT(l+2))*B(l+3) + ACO 
1 - ( F L O A T ( I + l ) / F L O A T ( I + 2 ) ) * B 1 ( 1 + 3 )  + BCO B 1 ( 1 + 1 ) = ( F L O A T ( 2 * I + 1 ) * X ( J ) / F L O A T ( l + l ~ ) * B l ~ l + 2 ~  
i n  CONTINUE 
R X 1 (  J, KLH) =B1(  1) 
11 RX( J, KLH 1 =R ( 1) 
GO TO 3 2 7  
RXl( I ,KD)=O.O 
RX(I,KD)=O.O 
C(I,KD)=O.O 
DO lr0O J=l, I C H  
RXl(I,KD)=RXl(I,KD)+RXl(I,J) 
400 C (  I ,  KO)=C( 1 , KD )+C( I ,  J 1 
4 0 1  FORMAT(lX,RF9.5) 
Z5=R 1- R O  
I F ( Z 5. GE 0 e 0 0 00 1) GO TO 11 0 4 
WRITE( 68 ,401) (  C (  I ,  KD), 1 ~ 1 , 2 4 1  
DO 5 0 0  1=1,K2 
I F ( X ( I ) . G E . P L ( 2 , Y 5 ) ) G O  TO 5 0 1  
K 5 = K 5 + 1  
IF(K5.LE. ICH)GO TO 5 0 %  
Y=0.0 
GO TO 5 0 3  
328 DO 400 1 = 1 , ~ 2  
R X (  I ,KD)=RX( I ,KD)+RX( I , S I )  
4 0 4  K 5 = 1  
5 0 2  CONTINUE 
5 0 1  Y = B B ( K S ) * ( X ( I ) - A ( K S ) )  
5 0 3  CONTINUE 
W R I T E (  68,410 1 I ,X( I 1, Y, RX1(  I , KD 1, R X (  I ,  KD 1 
4 1 0  FORMAT( I3 ,4F10.  5 1 
504 FORMAT( 1 X 8  I3 ,12F9.5 1 
5 0 0  CONTI NlJE 
GO TO 9 0 8  
9 9 9  CONTINUE 
CALL E X I T  
E N D  
47 
48 
PROGRAM 2 - 2 
49 
50 
PROGRAM 3 - 2 
51 
PROGRAM 4 - 1 
52 
PROGRAM 4 - 2 
WR I T E ( 7 9 2 1 ) I 9 R 2 9 R 1 
16 FORMAT( 5X ,ZE17010)  
1 5  CONTINUF 
2 1  FORMAT( 1392F lO.5 )  




COVARIANCE OF T+TOMALOUS POTENTIAL AND G,RAVITY 
ANOMALIES AT AN ALTITUDE vs COS ( 6 )  
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SPECTRUM OF C(X)  - Ck 
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PROVING THAT THE D I S C R E T E  POWER SPECTRUM I S  
NON-NEGATIVE AND D E R I V I N G  UPPER BOUNDS FOR 
TRUNCATION ERRORS 
70 
DISCRETE POWER SPECTRUM 
The covariance funct ion C(x) f o r  a r o t a t i o n  i n v a r i a n t  random 
process  x ( g )  def ined on the  s u r f a c e  of a sphere has  a d i s c r e t e  spectrum: 
Ck = 2TJ1 C ( X )  Pk(x)dx . 
-1 
(3-15) 
Now w e  wish t o  show t h a t  t h i s  spectrum i s  non-negative, o r  t h a t  
$20. L e t  f be a s p h e r i c a l  harmonic funct ion of degree m. Then i f  
x ( 5 )  i s  a r o t a t i o n  i n v a r i a n t  random process ,  from equat ions 3-9 and 
m 
3- a 
2 0 .  
From equat ions ( 3 - 1 4 ) ,  (3-16),  D - 1 ,  and page 1 2 6 ,  r e f e r e n c e ( 6 )  ; 
D - 1  
- 4a - -  
2n+l ‘k . 
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D-2 
But f r o m  equat ion  3-18, 
and thus Ck20 for all k .  4.rr 471 ‘k m2”2n+l ’ O r  
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UPPER BOUND FOR TRUNCATION ERROR 
- 1. Using Po i s son ' s  I n t e g r a l  
This s e c t i o n  develops an upper bound f o r  t h e  t r u n c a t i o n  e r r o r  
i ncu r red  when N t e r m s  i n  t he  i n f i n i t e  sum given by 4-14 are r e t a i n e d .  
Using t h e  no ta t ion  of s e c t i o n  4 . 4 ,  d e f i n e  Sn so t h a t  
(al-,) (bl+b2) Y + (al-a2) [(2al+a2)bl + (2a2+al)b2]y 2 
X - 'n - 4 4 
n 
k= 0 
= 1 ' k .  D- 3 
Then 
Q(x)  = l i m  Sn . 
n- 
F i r s t  w e  wish t o  show t h a t  t h e  series { Sn} converges t o  Q ( x )  abso lu te ly .  
If t h i s  can be shown, then t h e  arrangement of t e r m s  i n  t h e  summation 




I f ( S n )  converges a b s o l u t e l y ,  then t h e  sequence sn = 1 l v k l  
converges. W e  s h a l l  show t h a t  t h i s  convergence i s  uniform with r e s p e c t  
t o  t o  x as w e l l .  
73 
by t h e  t r a n g l e  inequa l i ty .  
Since -lcalL1 : -lca2L1 : - l < b  <1 : -l<b <1 : IxlLl : - 1- - 2- 
O<y<l : ]Pk(x) 1'1 ; al # a2 ; bl # b2 ; 
I t  i s  e a s i l y  seen t h a t :  
m 
But la1<1 so 1 yk i s  a geometric s e r i w s  which dominates 
k= 0 
sn (x) 1 and converges , which implies  Sn i s  abso lu te ly  convergent , and 
so t h e  o rde r  of summation i n  equat ion 4-14  can be changed without  
a f f e c t i n g  t h e  convergence. 
By changing t h e  o rde r  of summation i n  equation 4 - 1 4 ,  l e t t i n g  C22 
r e p r e s e n t  t h e  sum of t h e  f i r s t  two t e r m s  i n  t he  series, and applying 
t h e  t r i a n g l e  i n e q u a l i t y ;  
74  
ylbl Yn m = C 2 2  + y l b l ( 1 + 2 [ a l )  1 yn + 1 II . 
n=2 n=2 
A n  upper bound f o r  t h e  t r u n c a t i o n  e r r o r  which r e s u l t s  from approxi- 
mating t h e  i n f i n i t e  sum (def ining R ( x ) )  by t h e  f i r s t  N t e r m s  of t h e  
summation w i l l  be denoted by E(x) . 




1. Page 1 7 6 ,  r e f e rence  ( 8 )  
75 
and n o t i c i n g  t h a t ,  s i n c e  y<1, 5<1, and 
Y" 
n m n  
n=N+l .  n=2 n=2 
m c x - c y  Y -  Y -  c y  
then it follows t h a t  
and so equat ion D-5 becomes 
D-7 
Since t h i s  bound i s  very conservat ive,  a very rough approximation t o  
t h e  i n t e g r a l  i n  the  above expression should no t  a f f e c t  t he  usefulness  
of  t h e  upper bound E ( x ) .  So using Simpson's r u l e  1 
D- 8 
1. See page 117, r e fe rence  ( 5 )  
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Thus f o r  x ~ [ - 1 , 1 ]  t h e  t r u n c a t i o n  error ( E )  which r e s u l t s  from 
approximating Q(x) by t h e  f i r s t  N t e r m s  of t h e  summation i n  equa t ion  
4-14 w i l l  be bounded above by E ( x ) ,  and so by s u b s i t u t i n g  D-8 i n t o  D-7; 
D-9 
11. Using Stokes '  Formula -
This s e c t i o n  develops an upper bound f o r  t h e  t r u n c a t i o n  e r r o r  
which r e s u l t s  when only  N t e r m s  i n  t h e  i n f i n i t e  summation, g iven  by 
equat ion  5-4, are r e t a i n e d .  As w a s  mentioned i n  s e c t i o n  5 . 3  r e p l a c i n g  
yn+l  
2 
R (n - l )  
g ives  a new series which dominates t h e  o l d  one. 
?m upper bound f o r  t h e  t r u n c a t i o n  e r r o r  i ncu r red  when us ing  only  N 
t e r m s  i n  t h i s  new summation w i l l  t h u s  be  an upper bound f o r  t h e  
t r u n c a t i o n  error us ing  t h e  o l d  summation (5-4).  Thus from 5-4; 
and from D-4,  
03 
n=2 
If w e  l e t  (n-1)2 = n2 ( t h i s  w i l l  have 
of t h i s  very conse rva t ive  upper bound) 
1 
2 2 *  R nin-1) 
l i t t l e  e f f e c t  on t h e  v a l i d i t y  
77 
then 






n=N+1 n3 - n=N 
S imi l a r ly  
m 1 - < - .  1 1 
n=N+1 n2 - ( 2 )  N-l 
D - 1 0  
D - 1 1  
D-$2 
I f  E(x)  i s  t h e  upper bound on t h e  t runca t ion  e r r o r  i ncu r red  by 
using only N terms i n  t h e  expression f o r  R ( x )  given by 5-4,  then 
from D-10 ,  D - 1 1 ,  and D - 1 2 ,  
D-13 
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